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Beads Under the Cloud 
 
Mathematical goals  
This lesson unit is intended to help you assess how well students are able to identify patterns 
(both linear and exponential) in a realistic context: the number of beads of different colors that are 
hidden behind the cloud.  In particular, this unit aims to identify and help students who have 
difficulties with:  

• Choosing an appropriate, systematic way to collect and organize data. 
• Examining the data and looking for patterns 
• Describing and explaining findings clearly and effectively. 

 
Common Core State Standards  
This lesson involves a range of mathematical practices from the standards, with emphasis on: 

3. Construct viable arguments and critique the reasoning of others. 
7. Look for and make use of structure. 
8. Look for and make use of repeated reasoning. 
 
This lesson asks students to select and apply mathematical content from across the grades, 
including the content standards: 

4-OA: Generate and analyze patterns. 
5-OA: Analyze patterns and relationships 
6-EE:  Represent and analyze quantitative relationships between dependent and 
independent variables. 
8-F:  Use functions to model relationships between quantities. 
F-LE: Linear, Quadratic, and Exponential Models★  

Introduction  
This lesson unit is structured in the following way:  

• Before the lesson, students attempt the task individually. You then review their work and 
formulate questions for students to answer in order for them to improve their work. 
• At the start of the lesson, students work individually to answer your questions. 
• Next, they work collaboratively, in small groups, to produce a better collective solution than 
those they produced individually. Throughout their work, they justify and explain their decisions 
to peers. 
• In the same small groups, students critique examples of other students’ work. 
• In a whole-class discussion, students explain and compare the alternative approaches they have 
seen and used. 
• Finally, students work alone again to improve their individual solutions. 
 

Materials required  
• Each individual student will need two copies of the worksheet Beads under the Cloud. 
•  Each small group of students will need d a copy of Sample Responses to Discuss and whichever 
samples of student work chosen.        Pg.1  



Time needed  

Approximately fifteen minutes before the lesson, a one-hour lesson, and ten minutes in a follow-
up lesson (or for homework). All timings are approximate. Exact timings will depend on the 
needs of the class.

Before the lesson 
Assessment task: 

Have the students do this task in class or for homework a day or more before the formative 
assessment lesson. This will give you an opportunity to assess the work and to find out the kinds 
of difficulties students have with it. Then you will be able to 
target your help more effectively in the follow-up lesson.

Give each student a copy of Beads under a Cloud. Introduce the 
task briefly and help the class to understand the problem and its 
context.

Spend fifteen minutes on your own, answering these
questions.
Show your work.
Don’t worry if you can’t figure it out. There will be a
lesson on this material [tomorrow] that will help you
improve your work. Your goal is to be able to answer
this question with confidence by the end of that
lesson.

It is important that students answer the question without 
assistance, as far as possible. Students who sit together often produce similar answers, and then, 
when they come to compare their work, they have little to discuss. For this reason, we suggest 
that when students do the task individually, you ask them to move to different seats. Then at the 
beginning of the formative assessment lesson, allow them to return to their usual places. 
Experience has shown that this produces more profitable discussions.

Assessing students’ responses 

Collect students’ responses to the task. Make some notes on what their work reveals about their 
current levels of understanding and their different problem solving approaches. The purpose of 
this is to forewarn you of the issues that will arise during the lesson, so that you may prepare 
carefully.

We suggest that you do not score students’ work. The research shows that this is 
counterproductive, as it encourages students to compare scores, and distracts their attention from 
how they may improve their mathematics.

Instead, help students to make further progress by asking questions that focus attention on aspects 
of their work. Some suggestions for these are given on the next page. These have been drawn 
from common difficulties observed in trials of this unit.

We suggest that you write your own lists of questions, based on your own students’ work, using 
the ideas below. You may choose to write questions on each student’s work. If you do not have 
time to do this, select a few questions that will be of help to the majority of students. These can be 
written on the board at the beginning of the lesson. Pg.2



 

 
Common issues - Suggested questions and prompts:  
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Common Issues Suggested questions and prompts 

Student forgets to look at one of the sets of beads 
(only looking at white or black, and not both). 

• How could you simplify this into an easier 
task? 

• What sort of diagram might be helpful? 
 

Student work is unsystematic.  
Student sees the patterns as two separate entities 
and does not see the relationship between the 
white and black patterns or how they alternate on 
the string. 

• How do the black beads grow? 
• What patterns do you notice? 
• What is the same and what is different 

about the patterns of the black & white 
beads? 

Student assumes the picture of the cloud is to scale 
and that not very many beads can fit under the 
cloud. 

• What assumptions can you make about the 
size of the cloud? 

• Are all math diagrams always drawn to 
scale? 

Student writes answers without explanation. • How could you explain/show how you 
reached your conclusions so that someone 
in another class understands? 

• How can you use words and/or variables to 
describe the patterns? 

Student does not generalize. • Can you describe a visual pattern in the 
black beads and the white beads?  How 
could I find out the number of white beads 
that follow the set of ten black beads? Or 
the set of 20 black beads? 

Student correctly identifies the pattern for both 
the black and the white beads. 

• Think of another way of solving the 
problem.  Is this method better or worse 
than your original one?  Explain your 
answer.  Can you extend your solution to 
include exponents? 



 

Suggested lesson outline  

Improve individual solutions to the assessment task (10 minutes) 

Return your students’ work on the Beads under a Cloud problem. Ask students to re-read both the 
Beads under the Cloud problem and their solutions. If you have not added questions to students’ 
work, write a short list of your most common questions on the board. Students can then select a 
few questions appropriate to their own work and begin answering them. 

Recall what we were working on previously. What was the task? 

Draw students’ attention to the questions you have written. 

I have read your solutions and I have some questions about your work. 

I would like you to work on your own to answer my questions for ten minutes. 

Collaborative activity 1:  

Organize the students into small groups of two or three. In trials, teachers found keeping groups 
small helped more students play an active role.  

Students should now work together to produce a joint solution. 

Put your solutions aside until later in the lesson. I want you to work in groups now. 

Your task is to work together to produce a solution that is better than your individual 
solutions. 

You have two tasks during small-group work, to note different student approaches to the task, and 
to support student problem solving. 

Note different student approaches to the task 

Notice how students work on finding the patterns for the white and black beads. Notice what 
strategies they use and how they organize their data. Notice also whether and when students 
introduce algebra. If they do use algebra, note the different formulations of the functions they 
produce, including incorrect versions, for use in whole-class discussion. You can use this 
information to focus the whole-class plenary discussion towards the end of the lesson. 

Support student problem solving 

Try not to make suggestions that move students towards a particular approach to this task. 
Instead, ask questions to help students clarify their thinking. If several students in the class are 
struggling with the same issue, you could write a relevant question on the board. You might also 
ask a student who has performed well on one part of the task to help a student struggling with that 
part of the task. 

The following questions and prompts would be helpful: 

What information have you been given? 

What do you need to find out? 

What changes in the diagram? What stays the same? 

How will you write down your pattern? 

Why do you think your conjecture might be true? 

Pg.4 



 

Teachers who have used this activity noted that the students sometimes lose sight of both color 
patterns and how the patterns are related. If this issue arises in your class, help the student to 
focus his or her attention on both the white and black bead patterns and the connections between 
the patterns. 

How are the white beads changing? 

How are the black beads changing? 

What effect does the change of the white bead have on the change in the black beads? 

You may find that some students do not work systematically when organizing their data. 

What can you do to organize your data to show both patterns? 

If students have found function rules or equations, focus their attention on improving 
explanations, or exploring alternative methods. 

How can you be sure your explanation works in all cases? 

Ask another group if your argument makes sense. 

Show me that this equation works. 

Some stronger explanations are shown in the Sample Responses to Discuss. 

Make a note of student approaches to the task  

Give each small group of students a copy of the Sample Responses to Discuss. Choose the 
samples of student work that match your students’ level of understanding.  Display the following 
questions on the board or OHP using the provided sheet: Analyzing Student responses to discuss. 

Describe the problem solving approach the student used. 

You might, for example: 

• Describe the way the student has organized the data. 

• Describe what the student did to calculate number of beads under the cloud. 

Explain what the student could do to make his or her solution correct or clearer if they 
calculated correctly. 

This analysis task will give students an opportunity to evaluate a variety of alternative approaches 
to the task, without providing a complete solution strategy. 

During small-group work, support student thinking as before. Also, check to see which of the 
explanations students find more difficult to understand. Identify one or two of these approaches to 
discuss in the plenary discussion. Note similarities and differences between the sample 
approaches and those the students took in small-group work. 
 
Plenary whole-class discussion comparing different approaches (20 minutes) 
Organize a whole-class discussion to consider different approaches to the task. The intention is 
for you to focus on getting students to understand the methods of working out the answers, rather 
than either numerical or algebraic solutions. Focus your discussion on parts of the two small-
group tasks students found difficult.        Pg.5 



 

Let’s stop and talk about different approaches. 

Ask the students to compare the different solution methods. 

Read through your original responses and think about what you have learned this lesson. 

Using what you have learned, try to improve your work. 

Which approach did you like best? Why? 

Which approach did you find it most difficult to understand? 

Sami, your group used that method. Can you explain that for us? 

 
Improving individual solutions to the assessment task (10 minutes)  
 

If you are running out of time, you could schedule this activity for the next lesson or for 
homework. 

Make sure students have their original individual work on the Beads under the Cloud task on 
hand. Give them a fresh, blank copy of the Beads under the Cloud task sheet. 
If a student is satisfied with his or her solution, ask the student to try a different approach to the 
problem and to compare the approach already used. 
 
This Formative Assessment Lesson was created around a task taken from Mathematics 
for Elementary Teachers (A Contemporary Approach). 
 
 
Solution  
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Analysis of Student Responses to Discuss 

Timothy’s Method 

Timothy made a list of the number of black and white beads.  He found the correct 
pattern of both sets of beads. However, because he did not systematically organize 
the data, Timothy omits the 64 white beads.   

Timothy’s strategy of only counting the beads under the cloud is correct and he 
knew to subtract the beads from the pattern that were showing.  

Timothy could use a table to better organize his data.  By doing this, he could see 
that the 16 black beads correspond to the 4 white beads, the 32 black beads 
correspond with the 5 white beads, etc. 

Timothy’s Solution 

 
Hannah’s Method 

Hannah followed the pattern correctly because she uses the numbers 16, 5, 32, 6, 
and64 in her calculations even though she did not show the data in an organized list.   
She miscalculated 64-5 and used 58 instead of 59 in her final sum of beads under 
the cloud.   

Hannah’s Solution 

 

 



 

Curtis’ Method 

Curtis correctly identified the pattern of the black beads.  He knew to subtract the 2 
beads from 32 and 5 beads from 8,192.   

Curtis did not generalize the pattern of the white beads correctly.  He multiplied the 
two previous numbers to generate the next number of beads.  If he were asked to 
explain how this generalization could be applied to grow from 2 white beads to 4 
white beads, he might realize that this rule does not apply to all numbers in the 
pattern. 

Curtis’ Solution 

  

 

 

 

 

 

 

Tony’s Method                                                                            Tony’s Solution 

Tony generated both patterns correctly and 
attempted to organize the data in a systematic 
way.  However, he does not see the 
correspondence between the black and white 
beads.  Even though he knew to add the 5 and 
6 black beads that he represented by the 
question mark in his table, he doesn’t add the 
32 and 64 white beads that correspond to 
these numbers.   

Tony could continue his pattern of the white 
beads to possibly see that there would be 
more white beads to add in to the total of 
beads under the cloud. 

 

 



 

Claire’s Method                                                                 Claire’s Solution 

Claire correctly generated both 
patterns.  She has labeled the 
sequence of beads with a term 
number.   

Claire uses the correct strategy 
for determining how many beads 
are under the cloud even though 
she does not show how she 
arrived at the 14 and 60. 

Claire’s total number of beads 
under the cloud was incorrect 
because she subtracted 4 from 64 
instead of  5.   

 

 

Victoria’s Method 

Victoria drew a picture to demonstrate the pattern of the black and white beads 
hidden by the cloud.   

Victoria does not have a numerical answer about how many beads are hidden but 
does have 5 black beads, 32 white beads, 6 black beads, and 64 white beads drawn.  
She has 59 of the 64 white beads under the cloud.  Victoria has not drawn the 
correct number of white beads under the cloud (14) but does have 14 white beads 
drawn. 

Victoria’s Solution 

 

 

 

 

 

 

 



 

Sam’s Method 

Sam correctly calculated the number of beads hidden under the cloud.  He listed the 
pattern and showed his calculations. He attempts generalizing a rule to repeat the 
pattern but does not identify the relationship between the corresponding terms. 

Sam’s Solution 

 

 

 

 

 

 

 
 

Rick’s Method 

Rick uses algebra to determine the patterns of the beads.  He generated the rule to 
determine the next numbers in the pattern.  Rick recognized the linear relationship 
of the black beads and the exponential relationship of the white beads.  He also 
graphed the data. 

Rick subtracted the correct number of white beads showing in the 4th and 6th set of 
beads.   

Rick’s Solution 

 

 
 
 
 
 
 
 
 
 
 
 
 
 



 

Beads under the Cloud                                       Student Materials                               Alpha Version 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 



 

Beads under the Cloud                                       Student Materials                               Alpha Version  
 

Sample Responses to Discuss 
 
Here is some work on Beads under the Cloud from students in another class.  
 
For each piece of work: 

1. Write the name of the student whose solution you are analyzing. 

2. Describe the problem solving approach the student used. 

For example, you might: 

• Describe the way the student has organized the data. 

• Describe what the student did to calculate a number of beads under the cloud. 

3. Explain what the student needs to do to complete or correct his or her solution. 

 

 

 

_____________’s_ Solution 

 

______________________________________________________________________________

______________________________________________________________________________

______________________________________________________________________________

______________________________________________________________________________

______________________________________________________________________________

______________________________________________________________________________
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_____________’s_ Solution 
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Timothy’s Solution 
 

 

 

 

 

Hannah’s Solution 
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Tony’s Solution 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Claire’s Solution 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Victoria’s Solution 
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Rick’s Solution 
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Percent and Fractional Discounts—Bargain Shopping 
 

This task helps students develop strategies for solving problems involving percents and fractions. 

If using the Connected Mathematics – CMP2 curriculum, this task should be implemented after students have 
begun work on percents in Bits and Pieces III, but before complete mastery. 

One to Two Days Before Lesson 

• Students work independently on Bargain Shopping task (page 2) (10–15 minutes). Calculators should be 
available. 

• Collect student work. 
• Analyze responses and write questions on each student paper. Do not score at this time. 

Lesson 

• Return each student’s Bargain Shopping work with your questions. 
• Students work independently revising Bargain Shopping task, guided by your questions (10 minutes). 
• Students work in small groups to produce common solutions on a fresh Bargain Shopping task paper  

(10 minutes). 
• Students work with same small groups to analyze flawed student work samples (pages 8–13) (20 minutes). 
• Conduct whole class discussion of student work samples (10 minutes), using projector resources (pages 8–14). 
• Students individually revisit and revise their original work on Bargain Shopping task (10–15 minutes at end 

of lesson or during next class). 

After Lesson 

• Analyze student responses to identify next instructional steps. 
• Task may be graded if desired (see DPS Rubric, page 15). 
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Name:    Date:    

 

Bargain Shopping 
 

The regular price on a pair of jeans is $54. 

• The store advertises a back‐to‐school sale at 40% off the regular price of the jeans. 

• Two weeks later, the store advertises a sale at an additional   off the sale price of  

these jeans. 

Two friends decide to purchase the jeans. Shannon says that the jeans are now 60%  
off the regular price. Mary disagrees because she figures that the total discount is actually  
less than 60%. 

 

1. What is the cost of the jeans at the back‐to‐school sale? Justify your reasoning using a model. 
 
 
 
 
 
 
 
 

2. What is the cost of the jeans during the additional   off sale? How can you show this with a model? 

 
 
 
 
 
 
 
 
 
 
3. Who has figured the discount correctly, Shannon or Mary? Explain your answer using a model. 
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Instructional Task: Percent and Fractional 
Discounts—Bargain Shopping 
Mathematical Goals 

This instructional task helps assess how well students: 

• Find percent and fractional discounts. 
• Use percent and fraction models to solve problems. 

Common Core State Standards 

This instructional task emphasizes the following Standards for Mathematical Practice: 

1. Make sense of problems and persevere in solving them. 
2. Reason abstractly and quantitatively. 
4. Model with mathematics. 

This instructional task also asks students to select and apply mathematical content from the Common Core State 
Standards. 

6.RP:  Understand ratio concepts and use ratio reasoning to solve problems. 

7.RP:  Analyze proportional relationships and use them to solve real-world and mathematical problems. 
 
 
Required Materials 

• Copies of task, Bargain Shopping, for students (page 2) 
• Copy of task, Bargain Shopping, for each small group (page 2) 
• Copies of student work samples for each small group (pages 8–13) 
• Calculators, if necessary or requested 
• Projector resources to help with whole class discussion (pages 8–14) 

Time 

Times given are only approximate. Exact timings depend on class needs. 

• One to two days before lesson: 10–15 minutes 
• Lesson: 60 minutes 
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Before Lesson 

Instructional Task: Bargain Shopping (15 minutes) 

Have students do this task in class a day or more before the instructional task, so you can assess the work, find 
out the kinds of difficulties students are having, and more effectively focus the follow‐up lesson. 

Distribute copies of the task, Bargain Shopping (page 2). 

Introduce the task briefly and help the class understand the task and  
its context. 

Read the questions and try to answer them as carefully as you 
can. Show all your work so I can understand your reasoning. Use 
another paper if you need more room. In addition to trying to 
solve the task, I want to see if you can present your work in an 
organized and clear manner, so I can understand your thinking. 
Include a model for each section. 

It is important that students answer the questions without assistance, 
as far as possible. 

Students who sit together often produce similar answers, then when they 
come to compare their work, they have little to discuss. For this reason, 
you might have students do the task individually and move them to 
different seats. Then at the beginning of the instructional task session, 
allow them to return to their usual seats. Experience has shown that it produces more profitable discussions. 

Provide Student Feedback 

Collect students’ responses to the task. Make some notes on what their work reveals about their current levels 
of understanding and their different problem‐solving approaches. 

Do not score students’ work. Research shows that it is counterproductive, as it encourages students to compare 
their scores and distracts their attention from what they can do to improve their mathematics. 

Instead, help students to make further progress by summarizing their difficulties as a series of questions, such as 
the suggestions that follow. Write your questions on your students’ work, using the following ideas. You may 
also note students with particular issues, so you can monitor their work during the lesson. 
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Common Issues  Suggested Questions and Prompts 

Student has difficulty getting started.  • What is the task about? What can you tell me 
about it? 

• What do you know? 
• What do you need to find out? 

Student does not use any models.  • How can you model percentages? Fractions? 
• What is the “whole” in this problem? Into how 

many parts would you divide the whole? What 
would be the value of each part? What percent 
benchmarks could you use? 

• How could you use your model to answer the 
questions? 

• How could you label your model so the connection 
to the problem situation is clearer? 

Student finds amount of discount rather than cost  
of jeans. 

• Does you answer make sense? 
• When you find 40% of $54.00, what information 

does it give you? Is it the amount you will pay? 
How can you find the amount you must pay for  
the jeans? 

• What part of your model shows the discount? 
What part shows the sale price? 

Student works unsystematically.  • Can you organize your work in a systematic way? 
• Have you labeled your answers and made clear 

what you calculated? 
• Have you shown how your models connect to the 

problem? 
Student presents work poorly.  • Have you explained how you arrived at your 

answer? 
• Would someone else easily understand your work? 
• Would labels or diagrams help make your process 

clearer? 
Student produces correct solution. 

Student needs extension task. 

• The final price of the jeans is what percent off  
the original price? 

• Suppose you decide to buy a shirt that is also  
on sale for 40% off the original price plus an 
additional 1/5 off the sale price. The final price  
of the shirt is now $34.56. What was the original 
price of the shirt? 
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Suggested Lesson Outline 

Improve Individual Solutions to Instructional Task (10 minutes) 

Return students’ instructional task papers. 

Recall what we looked at previously. What was the task? I have read your solutions, and I have some 
questions about your work. I would like you to work on your own to answer my questions for about 
ten minutes. 

Small Group Collaborative Work (10 minutes) 

Organize the class into small groups of two or three students and distribute a blank Bargain Shopping task  
(page 2) to each group. Ask students to try the task again; this time combining their ideas. 

Put your own work aside until later in the lesson. I want you to work in groups now. Your task is to 
produce a solution that is better than your individual solutions. 

While students work in small groups, note different student approaches to the task and support student 
problem solving. 

Note Different Student Approaches to Task 

Use this information to focus a whole class discussion towards the end of the lesson. In particular, note any 
common mistakes. 

Support Student Problem Solving 

Try not to make suggestions that move students towards a particular approach to this task. Instead, ask questions 
that help students to clarify their thinking. To help students really struggling with the task, use the questions on 
the previous page to support your questioning. 

If the whole class struggles with the same issue, write relevant questions on the board. You could also ask 
students who performed well on the task to help struggling students. If students are having difficulty making any 
progress at all, hand out the student work samples (pages 8–13) to model problem‐solving methods. 

Collaborative Analysis of Student Work Samples (20 minutes) 

After students have had sufficient time to attempt the task, give each small group of students copies of the 
student work samples (pages 8–13) and ask for written comments. This step gives students the opportunity to 
evaluate a variety of possible approaches to the task, without providing a complete solution strategy. 

Imagine you are the teacher and have to assess this work. Correct the work and write comments on the 
accuracy and organization of each response. 

Each student work sample poses specific questions for students to answer. In addition to these questions, you 
could ask students to evaluate and compare responses. To help them do more than check if the answer is 
correct, you may want to ask the following questions (page 14). 

• How did this student organize his or her work? 
• What mistakes have been made? 
• What misconceptions do you think this student has? 
• What isn’t clear? 
• What questions would you like to ask this student? 
• In what ways might the work be improved? 

Every group may not have enough time to work through all student work sample questions. If so, be selective 
about what you hand out. 

During small group work, support students as before. Note similarities and differences between students’ 
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approaches during small group work and student work sample approaches. Also check which methods students 
have difficulties understanding to focus the next activity, a whole class discussion. 

Whole Class Discussion: Compare Different Approaches (10 minutes) 

Organize a whole class discussion to consider different approaches used in the student work samples (pages 8–13). 
Focus the discussion on those parts of the small group tasks that students found difficult. Ask students to compare 
different solution methods. 

• Which approach did you like best? Why? 
• Which approach did you find most difficult to understand? Why? 
• What different ways did students model the task? Did the models help you understand and solve the task? 

Individually Review Original Solutions to Task (10 minutes) 

Ask students to revise their original responses to the task (provide paper as needed). 

Read your original solutions and think about your work on this task. Using what you learned, revise your 
original individual solutions. 

Solutions 

1. $32.40 with a model 
2. $25.92 with a model 
3. Mary is correct (supported with a model). 
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In question 1, what method did Amy use to find the cost of the Jeans? Why did she divide 27 by 5 to get 5.4?  
How did she get $21.60? Is this the cost of the jeans? 

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 

In question 2, how did Amy find 1/5? Is this the cost of the jeans? What is $10.80 in this problem? 

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 

Are the equations Amy wrote in question 3 correct? Does this mean that Shannon is correct? 

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 

Did Amy justify her reasoning? Did she justify her reasoning with a model? 

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  
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Sample 2: Bill 

 

1.  What is the cost of the jeans at the back‐to‐school sale? Justify your reasoning using a model. 

 
 

2.  What is the cost of the jeans during the additional   off sale? How can you show this with a model? 

 
 
3.  Who has figured the discount correctly, Shannon or Mary? Explain your answer using a model. 
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Look at Bill’s model for question 1. Why did Bill shade 60%? 

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 

In question 1, why does Bill write   =  = $.54? Why did he divide by 100? How will it help him solve the 

problem? Has Bill answered the question? 

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 

Does Bill use a diagram with 100 squares in question 2? Why not? Why does he shade 12 squares? 

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 

How can Bill use his diagram in question 2 to answer the question? 

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 

How does Bill’s explanation to question 3 support his answer that Mary is correct? Is it easy to understand what 
he means? How could he make his thinking clearer? 

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  
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Sample 3: Carmen 
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Look at Carmen’s model for question 1. Why do you think she divided into 10 parts? Is 50% marked in the correct 
place? Is 60%? How do you know? 

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 

In question 1, Carmen shows the current price at more than $27.00. Do you agree? How could she use her 
diagram to help find the exact price? 

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 

Look at Carmen’s diagram for question 2. Can you understand her thinking? How could she use the diagram  
to find the new price? 

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 

Look at Carmen’s diagram for question 3. Can you understand her thinking? Does her work show that Mary or 
Shannon is correct? How could she make her thinking clearer? 

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  

 ____________________________________________________________________________________________  
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Percent and Fractional Discounts—Bargain Shopping   

Evaluating Student Work Samples 
 

• How did this student organize his or her work? 
• What mistakes have been made? 
• What misconceptions do you think this student has? 
• What isn’t clear? 
• What questions would you like to ask this student? 
• In what ways might the work be improved? 
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Increasing and Decreasing Quantities by a Percent 
Mathematical goals 
This lesson unit is intended to help you assess how well students are able to interpret percent increase and 
decrease, and in particular, to identify and help students who have the following difficulties: 

• Translating between percents, decimals, and fractions. 
• Representing percent increase and decrease as multiplication. 
• Recognizing the relationship between increases and decreases. 

Common Core State Standards 
This lesson involves mathematical content in the standards from across the grades, with emphasis on: 

A-SSE: Interpret the structure of expressions. 
This lesson involves a range of mathematical practices, with emphasis on: 

2. Reason abstractly and quantitavely. 
7. Look and make use of structure. 

Introduction  
This lesson unit is structured in the following way: 

• Before the lesson, students work individually on an assessment task that is designed to reveal their 
current understandings and difficulties. You then review their work, and create questions for students 
to answer in order to improve their solutions. 

• Students work in small groups on collaborative discussion tasks, to organize percent, decimal and 
fraction cards. As they do this, they interpret the cards’ meanings and begin to link them together. They 
also try to find relationships between percent changes. Throughout their work, students justify and 
explain their decisions to their peers. 

• Students return to their original assessment tasks, and try to improve their own responses. 

Materials required 
Each individual student will need:  

• Two copies of the assessment task Percent Changes and a calculator.  
• A mini-whiteboard, pen, and eraser.  

Each small group of students will need the following resources:  

• Card Sets: A, B, C, D, and E. All cards should be cut up before the lesson.  
• (Optional) A large sheet of card on which to make a poster, and some dry glue sticks and/or the 

poster template Percents, Decimals, and Fractions (1). 
• Several copies of the extension material: Percents, Decimals, and Fractions (2). 

Calculators should be available for students who request them.  

There is also a projector resource to help with whole-class discussions.   

Time needed 
Approximately 15 minutes before the lesson, one 90-minute lesson (or two 45-minute lessons), and 10 minutes 
in a follow-up lesson (or for homework). Timings given are only approximate. Exact timings will depend on the 
needs of the class.  
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Before the lesson 

Assessment task: Percent Changes (15 minutes) 
Have the students do this task, in class or for homework, a 
day or more before the formative assessment lesson. This 
will give you an opportunity to assess the work, and to find 
out the kinds of difficulties students have with it. You will 
be able to target your help more effectively in the follow-up 
lesson. 

Give each student a copy of the assessment task Percent 
Changes.  

Read through the questions and try to answer 
them as carefully as you can. The example at the 
top of the page should help you understand how to 
write out your answers. 

It is important that students are allowed to answer the 
questions without your assistance, as far as possible.  

Students should not worry too much if they cannot 
understand or do everything, because in the next lesson they 
will engage in a similar task, which should help them. 
Explain to students that by the end of the next lesson, they 
should expect to answer questions such as these confidently. 
This is their goal.  

Assessing students’ responses  
Collect students’ responses to the task.  Make some notes on what their work reveals about their current levels of 
understanding, and their different problem solving approaches.   

We suggest that you do not score students’ work. The research shows that this will be counterproductive, as it 
will encourage students to compare their scores, and will distract their attention from what they can do to 
improve their mathematics.  

Instead, help students to make further progress by summarizing their difficulties as a series of questions. Some 
suggestions for these are given on the next page. These have been drawn from common difficulties observed in 
trials of this unit. 

We suggest that you write a list of your own questions, based on your students’ work, using the ideas that 
follow.  You may choose to write questions on each student’s work. If you do not have time to do this, select a 
few questions that will be of help the majority of students.  These can be written on the board at the end of the 
lesson.  

The solution to all these difficulties is not to teach algorithms by rote, but rather to work meaningfully on the 
powerful idea that all percent changes are just multiplications by a scale factor. 
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Percent Changes 

 

1. Tom usually earns $40.85 per hour. 
He has just heard that he has had a 6% pay raise. 
He wants to work out his new pay on this calculator. 
It does not have a percent button.  

Which keys must he press on his calculator? 
Write down the keys in the correct order. 
(You do not have to do the calculation.) 

 

 

2. Maria sees a dress in a sale. The dress is normally priced at $56.99.  
The ticket says that there is 45% off. 
She wants to use her calculator to work out how much the dress will cost. 
It does not have a percent button. 

Which keys must she press on her calculator? 
Write down the keys in the correct order. 
(You do not have to do the calculation.) 
 

 

3. Last year, the price of an item was $350. This year it is $450. 
Lena wants to know what the percentage change is. 
Write down the calculation she will need to do to get the correct answer.  
(You do not have to do the calculation.)  
 

 

4. In a sale, the prices in a shop were all decreased by 20%. 
After the sale they were all increased by 25%. 
What was the overall effect on the shop prices? 
Explain how you know. 
 

 

 

 

One month Rob spent $8.02 on his phone. The next month he spent $6.00. To work out the 
average amount Rob spends over the two months, you could press the calculator keys: 
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Common issues: Suggested questions and prompts: 
Student makes the incorrect assumption that a 
percentage increase means the calculation must 
include an addition 
For example: 40.85 + 0.6 or 40.85 + 1.6. (Q1.)  

A single multiplication by 1.06 is enough. 

• Does your answer make sense?  Can you 
check that it is correct? 

• “Compared to last year 50% more people 
attended the festival.”  What does this 
mean? Describe in words how you can 
work out how many people attended the 
festival this year. Give me an example. 

• Can you express the increase as a single 
multiplication? 

Student makes the incorrect assumption that a 
percentage decrease means the calculation must 
include a subtraction 
For example: 56.99 − 0.45 or 56.99 − 1.45.  (Q2.) 

A single multiplication by 0.55 is enough. 

• Does your answer make sense?  Can you 
check that it is correct? 

• In a sale, an item is marked “50% off.” 
What does this mean? Describe in words 
how you calculate the price of an item in 
the sale. Give me an example. 

• Can you express the decrease as a single 
multiplication? 

Student converts the percentage to a decimal 
incorrectly 
For example: 40.85 × 0.6. (Q1.) 

• How can you write 50% as a decimal?  
How can you write 5% as a decimal?  

Student uses inefficient method 
For example: First the student calculates 1%, then 
multiplies by 6 to find 6%, and then adds this answer 
on:  
(40.85 ÷ 100) × 6 + 40.85. (Q1.) 

Or:  56.99 × 0.45 = ANS, then 56.99 − ANS (Q2.) 

A single multiplication is enough. 

• Can you think of a method that reduces the 
number of calculator key presses? 

• How can you show your calculation with 
just one step? 

Student is unable to calculate percentage change 
For example: 450 − 350 = 100% (Q3.) 

Or:  The difference is calculated, then the student does 
not know how to proceed or he/she divides by 450. 
(Q3.) 

The calculation (450 − 350) ÷ 350 × 100 is correct. 

• Are you calculating the percentage change 
to the amount $350 or to the amount $450? 

• If the price of a t-shirt increased by $6, 
describe in words how you could calculate 
the percentage change.  Give me an 
example.  Use the same method in Q3. 

Student subtracts percentages 
For example: 25 − 20 = 5%. (Q4.) 

Because we are combining multipliers: 0.8 × 1.25 = 1, 
there is no overall change in prices. 

• Make up the price of an item and check to 
see if your answer is correct. 

Student fails to use brackets in the calculation 
For example: 450 – 350 ÷ 350 × 100. (Q4.) 

• In your problem, what operation will the 
calculator carry out first? 

Student misinterprets what needs to be included 
the answer  
For example: The answer is just operator symbols. 

• If you just entered these symbols into your 
calculator would you get the correct 
answer? 
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Suggested lesson outline 
If you have a short lesson, or you find the lesson is progressing at a slower pace than anticipated, then we 
suggest you end the lesson after the first collaborative activity and continue in a second lesson. 

Collaborative activity 1: matching Card Sets A, B, and C (30 minutes) 
Organize the class into groups of two or three students. With larger groups, some students may not fully engage 
in the task.  

Give each group Card Sets A and B. 

Use the projector resource to show students how to place Card Set A. 

Introduce the lesson carefully: 

I want you to work as a team. Take it in turns to place a 
percentage card between each pair of money cards.  

Each time you do this, explain your thinking clearly and 
carefully. If your partner disagrees with the placement of a 
card, then challenge him/her. It is important that you both 
understand the math for all the placements. 

There is a lot of work to do today, and it doesn't matter if 
you don't all finish. The important thing is to learn 
something new, so take your time. 

Pairs of money cards may be considered horizontally or vertically.

Your tasks during the small group work are to make a note of student approaches to the task, and to support 
student problem solving 

Make a note of student approaches to the task  
You can then use this information to focus a whole-class discussion towards the end of the lesson.  In particular, 
notice any common mistakes. For example, students may make the mistake of pairing an increase of 50% with a 
decrease of 50%. 

Support student problem solving 
Try not to make suggestions that move students towards a particular approach to this task.  Instead, ask questions 
to help students clarify their thinking. Encourage students to use each other as a resource for learning. 

Students will correct their own errors once the decimal cards are added. 

 For students struggling to get started: 

There are two ways to tackle this task.  Can you think what 
they are? [Working out the percentage difference between 
the two money cards or taking a percentage card and using 
guess and check to work out where to place it.] 

How can you figure out the percentage difference between 
these two cards? 

This percentage card states the money goes up by 25%.  If 
this money card (say $160) increases by 25% what would be 
its new value?  Does your answer match any of the money 
cards on the table?  

If one student has placed a particular percentage card, challenge their 
partner to provide an explanation. 

Maria placed this percentage card here. Martin, why does Maria placed it here? 

© 2010 Shell Centre/MARS, University of Nottingham Alpha 2 version  25 Oct 2010 Projector resources:  

Money Cards 

1 

$100 $150 

$200 $160 
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If you find students have difficulty articulating their decisions, then you may want to use the questions from the 
Common Issues table to support your questioning.  

Students often assume that if an amount is increased and then decreased by the same percent, the amount remains 
unchanged.  

The price of a blouse is $20.  It increases by ½. What is the new price? [$30] 

The price of the blouse now decreases by ½.  What is the final price? [$15] 

Now let's apply this to percentages.  What happens if the $20 blouse increases by 50%? 

What happens now when this new price decreases by 50%? 

What percentage does the price need to decrease by to get it back to $20? [33⅓%] 

What does this show? 

If the whole class is struggling on the same issue, then you may want to write a couple of questions on the board 
and organize a whole class discussion. The projector resource may be useful when doing this.   

It may help some students to imagine that the money cards represent the cost of an item, for example, the price 
of an MP3 player at four different stores. 

Placing Card Set C: Decimal Multipliers 
As students finish placing the percentage cards hand out Card Set C: Decimal Multipliers. These provide 
students with a different way of interpreting the situation.  

Do not collect Card Set B. An important part of this task is for students to make connections between different 
representations of an increase or decrease.  

Encourage students to use their calculators to check the arithmetic. Students may need help with interpreting the 
notation used for recurring decimals, and in entering 

€ 

1.3 as 1.33333333 on the calculator. 

As you monitor the work, listen to the discussion and help students to look for patterns and generalizations. The 
following patterns may be noticed: 

An increase of, say, 33% is equivalent to multiplying by

€ 

1.3 . 
(An increase of 5% is not equivalent to multiplying by 1.5!) 
A decrease of, say, 33% is equivalent to multiplying by 

€ 

(1−1.3 ) = 0.6 . 
The inverse of an increase by a percent is not a decrease by the same percent. 

When the decimal multipliers are considered in pairs, the calculator will show that each pair multiplies to give 1, 
subject to rounding by the calculator.  

  

€ 

× 2                
× 1.5

× 1.3
× 1.25
× 1.6   

€ 

× 0.5                

× 0.6
× 0.75
× 0.8
× 0.625   

€ 

and 2 ×  0.5 =  1               

and 1.5 ×  0.6 =  1  

and 1.3 ×  0.75 =  1  
and 1.25 ×  0.8 =  1  
and 1.6 ×  0.625 =  1  

 

Extension activity 
Ask students who finish quickly to try to find the percent changes and decimal multipliers that lie between the 
diagonals $150/$160 and $100/$200. Students will need to use the blank cards for the diagonals $150/$160. 

Taking two lessons to complete all activities 
You may decide to extend the lesson over two periods. Ten minutes before the end of the first lesson ask one 
student from each group to visit another group's work.  Students remaining at their seats should explain their 
reasoning for the position of the cards on their own desk (see the section on Sharing work for further details.)  
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When students are completely satisfied with their own work, hand out the poster template Percents, Decimals, 
and Fractions (1).  Students should use it to record the position of their cards.  At this stage, one pair of arrows 
between each money card will be left blank. 

At the start of the second lesson spend a few minutes reminding the class about the activity. 

Try to remember what we were working on in the last lesson. 

A mobile phone is reduced by 60% in the sale.  Give me an example of what the phone could have 
originally cost and what it costs now.  And another, and another... 

 [Take one of the examples given above.] 
The mobile phone is not sold.  It returns to its original price. What is the percent increase? 

Return to each group their Percents, Decimals, and Fractions (1) sheet and the Card Sets A, B and C.  Ask 
students to use their sheet to position their cards on the desk.  Working with the cards instead of the sheet means 
students can easily make changes to their work and encourages collaboration between students.  

Then move the class on to the second collaborative activity.   

Sharing work (10 minutes) 
When students get as far as they can with placing Card Set C, ask one student from each group to visit another 
group's work.  Students remaining at their desk should explain their reasoning for the matched cards on their 
own desk.  

If you are staying at your desk, be ready to explain the reasons for your group's matches. 

If you are visiting another group, write your card placements on a piece of paper. Go to another 
group's desk and check to see which matches are different from your own.  

If there are differences, ask for an explanation. If you still don't agree, explain your own thinking. 
When you return to your own desk, you need to consider, as a group, whether to make any changes to 
your work. 

Students may now want to make changes.  

Collaborative activity 2: matching Card Set D (30 minutes) 
Give out Card Set D: Fraction Multipliers. These may help students to understand why the pattern of decimal 
multipliers works as it does.  

Support the students as you did in the first collaborative activity. 

The following pairings appear: 

€ 

×
2
1

 and 

€ 

×
1
2

  

€ 

×
3
2

 and 

€ 

×
2
3

 

€ 

×
4
3

 and 

€ 

×
3
4

  

€ 

×
5
4

 and 

€ 

×
4
5

 

€ 

×
8
5

 and 

€ 

×
5
8

     

Sharing work (10 minutes) 
When students get as far as they can placing Card Set D, ask the student who has not already visited another 
group to go check their answers against that of another group's work.  As in the previous sharing activity, 
students remaining at their desk are to explain their reasoning for the matched cards on their own desk.  



Increasing & Decreasing Quantities by a Percent Teacher Guide Beta Version 

© 2011 MARS University of Nottingham  7 

Students may now want to make some final changes to their own work. After they have done this, they can make 
a poster. 

Either: 

• Give each group a large sheet of paper and a glue stick and ask students to stick their final arrangement 
onto a large sheet of paper 

and/or: 

• Give each group the poster template Percents, Decimals, and Fractions (1) and ask students to record 
the position of their cards. 

The poster template allows students to record their finished work. It should not replace the cards during the main 
activities of this lesson as students can more easily make changes when working with the cards, and they 
encourage collaboration.   

Extension activities 
Ask students who finish quickly to try to find the fraction multipliers that lie between the diagonals $150/$160 
and $100/$200.  

Card Set E: Money Cards (2) may be given to students who need an additional challenge. Card Sets B–D can 
again be used with these Money Cards.  Students can record their results on the poster template Percents, 
Decimals, and Fractions (2). 

In addition, you could ask some students to devise their own sets of cards. 

Plenary whole-class discussion (10 minutes) 
Give each student a mini-whiteboard, pen, and eraser. 

Conclude the lesson by discussing and generalizing what has been learned. The generalization involves first 
extending what has been learned to new examples, and then examining some of the conclusions listed above. As 
you ask students questions like the following, they should respond using mini-whiteboards. 

Suppose prices increase by 10%.  How can I say that as a decimal multiplication? 

How can I write that as a fraction multiplication? 

What is the fraction multiplication to get back to the original price? 

How can you write that as a decimal multiplication? 

How can you write that as a percentage? 

Improving individual solutions to the assessment task (10 minutes) 
Return to the students their original assessment, Percentage Change, as well as a second blank copy of the task. 

Look at your original responses and think about what you have learned this lesson.  

Using what you have learned, try to improve your work.  

If you have not added questions to individual pieces of work then write your list of questions on the board.  
Students should select from this list only the questions appropriate to their own work.  

If you find you are running out of time, then you could set this task in the next lesson, or for homework.  
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Solutions 
Assessment Task: Percent Changes 

Students may answer Questions 1 - 3 in several ways.  Here are some possible answers: 

1.  40.85 × 1.06 =   

 or (40.85 × 0.06) + 40.85 =  

 or  40.85 × 0.06 = ANS, ANS + 40.85 =  

2. 56.99  × 0.55 =   

 or 56.99 − (56.99 × 0.45) =   

 or 56.99 × 0.45 = ANS, 56.99 − ANS =  

3. (450 − 350) ÷ 350 × 100 =  

 or 450 − 350 = ANS, ANS ÷ 350 × 100 = 

4. There is no overall change in the price:  

 cost of product × 0.8 × 1.25 = cost of product or   

 

€ 

cost of product ×  4
5

 ×  5
4

=  cost of product 
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Collaborative activity 
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Percent Changes 

 

1. Tom usually earns $40.85 per hour. 
He has just heard that he has had a 6% pay raise. 
He wants to work out his new pay on this calculator. 
It does not have a percent button.  

Which keys must he press on his calculator? 
Write down the keys in the correct order. 
(You do not have to do the calculation.) 

 

 

2. Maria sees a dress in a sale. The dress is normally priced at $56.99.  
The ticket says that there is 45% off. 
She wants to use her calculator to work out how much the dress will cost. 
It does not have a percent button. 

Which keys must she press on her calculator? 
Write down the keys in the correct order. 
(You do not have to do the calculation.) 

 

 

3. Last year, the price of an item was $350. This year it is $450. 
Lena wants to know what the percentage change is. 
Write down the calculation she will need to do to get the correct answer.  
(You do not have to do the calculation.)  

 

 

4. In a sale, the prices in a shop were all decreased by 20%. 
After the sale they were all increased by 25%. 
What was the overall effect on the shop prices? 
Explain how you know. 

 

 

 

 

One month Rob spent $8.02 on his phone. The next month he spent $6.00. To work out the 
average amount Rob spends over the two months, you could press the calculator keys: 
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Card Set A: Money Cards (1) 

 
$100 

 
$150 

 
$200 

 
$160 
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Card Set B: Percent Increases and Decreases 

  

  

  

  

  

  

Down By 50% 
 

Down by 20% 
 

Up by 25% 
 

Up by 60% 
 

Down By 33⅓% 
 

Down by 37½% 
 

Down By 25% 
 

Up by 50% 
 

Up by 33⅓% 
 

Up by 100% 
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Card Set C: Decimal Multipliers   

  

  

  

  

  

  

× 1.6 
 

× 0.6 
 

× 0.75 
 

× 2 
 

× 1.5 
 

× 0.625 
 

× 0.8 
 

× 1.3 
 

× 0.5 
 

× 1.25 
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Card Set D: Fraction Multipliers 

  

  

  

  

  

  

 
  

€ 

×
2
1

 

 

  
  

€ 

×
3
2

 

 

  

€ 

×
4
5

 
  

€ 

×
4
3

 
 

  

€ 

×
2
3
  

  

€ 

×
5
8
 

 

 
  

€ 

×
5
4
  

  

€ 

×
3
4
 

 
  

€ 

×
8
5
   

  

€ 

×
1
2
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Card Set E: Money Cards (2) 

 
80¢ 

 
$1.20 

 
$1.60 

 
$1.28 
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Percents, Decimals, and Fractions (1) 
 

 

 
$100 

 
 

 
$150 

 
 

 
$160 

 
 

 
$200 
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Percents, Decimals, and Fractions (2) 

80¢ 
 
 

$1.20 
 
 

 
$1.60 

 

 
$1.28 
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Money Cards 

1 

$100 $150 

$200 $160 
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Solving Linear Equations in Two Variables  
Mathematical goals 
This lesson unit is intended to help you assess how well students are able to formulate and solve problems using 
algebra and, in particular, to identify and help students who have the following difficulties:  

• Solving a problem using two linear equations with two variables. 
• Interpreting the meaning of algebraic expressions.  

Common Core State Standards 
This lesson involves mathematical content in the standards from across the grades, with emphasis on: 

A-CED: Create equations that describe numbers or relationships. 
A-REI: Solve systems of equations.  
This lesson involves a range of mathematical practices, with emphasis on:  

2.  Reason abstractly and quantitatively.  
3. Construct viable arguments and critique the reasoning of others.  

Introduction  
This lesson is structured in the following way:  

• Before the lesson, students work individually on the assessment task Notebooks and Pens. You then 
review their work and create questions for students to answer in order to improve their solutions. 

• During the lesson, students work individually on a task that requires them to interpret and solve two 
equations in two variables. Students then compare and discuss their solutions in small groups. 

• In the same small groups, students evaluate some sample solutions of the same task. 
• In a whole-class discussion, students explain and compare the alternative solution strategies they have 

seen and used.  
• Finally, students use what they have learned to revise their work on Notebooks and Pens. 

Materials required 
• Each individual student will need two copies of the assessment task Notebooks and Pens, and a copy of 

the lesson task Cash Registers. 
• Each small group of students will need a blank sheet of paper, and copies of the four sheets Sample 

Student Work. 
• Graph paper should be kept in reserve and used only when requested. 
• Projector resources are provided to support the whole-class discussion.  

Time needed 
Approximately fifteen minutes before the lesson, a one-hour lesson, and ten minutes in a follow-up lesson (or for 
homework). Timings given are only approximate. Exact timings will depend on the needs of the class.  
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Before the lesson 

Assessment task: Notebooks and Pens (15 minutes)  
Have the students do this task in class or for homework a day or more 
before the formative assessment lesson. This will give you an 
opportunity to assess the work and to find out the kinds of difficulties 
students have with it. You will then be able to target your help more 
effectively in the follow-up lesson.  

Give each student a copy of Notebooks and Pens. 

Introduce the task briefly and help the class to understand the problem 
and its context.  

Read through the questions, and try to answer them as 
carefully as you can.  

Show all your work, so that I can understand your reasoning. 

It is important that students are allowed to answer the questions without 
assistance, as far as possible. 

Students should not worry too much if they cannot understand or do 
everything, because there will be a lesson using a similar task, which should help them. Explain to students that 
by the end of the next lesson, they should expect to answer questions such as these confidently. This is their 
goal. 

Assessing students’ responses  
Collect students’ responses to the task. Make some notes on what their work reveals about their current levels of 
understanding. The purpose of doing this is to forewarn you of issues that will arise during the lesson itself, so 
that you may prepare carefully. 

We suggest that you do not score students’ work. The research shows that this will be counterproductive, as it 
encourages students to compare their scores and distracts their attention from what they can do to improve their 
mathematics.  

Instead, help students to make further progress by summarizing their difficulties as a series of questions. Some 
suggestions for these are given on the next page. These have been drawn from common difficulties observed in 
trials of this lesson unit.  

We suggest that you write a list of your own questions, based on your students’ work, using the ideas below. 
You may choose to write questions on each student’s work. If you do not have time to do this, select a few 
questions that will be of help to the majority of students. These can be written on the board at the end of the 
lesson. 
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Notebooks and Pens 
 

A store sells pens at $2 and notebooks at $5.  

n = number of notebooks sold. 

p = number of pens sold. 

The following equations are true:   

4n = p  

5n + 2p  = 39 

Here is what Dan and Emma think the equations mean: 

  

 

 

  
Dan 

 
Emma 

 

 
Is Dan correct?   

If you think Dan is wrong, explain the mistake and explain what you think 4n = p means. 

 

 

 

Is Emma correct?  

If you think Emma is wrong, explain the mistake and explain what you think 5n + 2p  = 39 means.  

 

 

 

Figure out for yourself the number of pens and the number of notebooks sold in the store. 

Number of pens sold = ..................................... Number of notebooks sold = .........................................  
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Common issues: Suggested questions and prompts: 

Student assumes that the letter stands for an 
object not a number 
For example: The student says that the statements are 
correct.  

Or: The student realizes the equations are incorrect, 
but is unable to explain why. 

• What does the letter p represent? 
• Write the equation as a sentence. Does your 

sentence match what Dan/Emma said? 
• If n = 3, what would p equal in the first equation? 

Which is greater: n or p? 
• Are there more notebooks than pens? How do you 

know? 

Student only uses one equation 
For example: The student finds a value or values for 
n and p that fits one equation but not the other, such 
as n = 1 and p = 4 for the first equation. 

• For this equation, is there another pair of values 
for n and p? And another? How do you know 
which value is correct? 

• How can you check that your values for n and p 
work for both equations? 

Student produces unsystematic guess and check 
work 
For example: The student works out three or four 
seemingly unconnected combinations of values for n 
and p. 

• What is a sensible value to try for n (or p)? Why? 
• Can you organize your work in a table? 

Student provides poor explanation 
For example: The student presents the work as a 
series of unexplained numbers and/or calculations. 

 

• Would someone unfamiliar with your type of 
solution easily understand your work?  

• Have you explained how you arrived at your 
answer? 

Student makes algebraic mistakes 
For example: The student makes a mistake when 
manipulating the algebra in the equations. 

• How can you check that your answer is correct? 

Student solves the two equations correctly 
Student needs an extension task. 

• Can you now use a different method, for example, 
a table, a graph, or algebra? 

• Is this method better than your original one? 
Why? 
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Suggested lesson outline 

Individual work: Cash Registers  (10 minutes)  
Give each student the task sheet Cash Registers. Help 
students to understand the problem, and explain the 
context of the task briefly. 

Spend ten minutes on your own answering these 
questions.  

What does “simultaneously” mean? 

Show all your work on the sheet.  

Students who sit together often produce similar answers and, when they come to compare their work, they have 
little to discuss.  

For this reason we suggest that, when students do this task individually, you ask them to move to different seats. 
Then, for the collaborative task, allow them to return to their usual places. Experience has shown that this 
produces more profitable discussions. 

Collaborative small-group work: Cash Registers (10 minutes) 
Organize the class into small groups of two or three students and hand out a fresh sheet of paper to each group. 
Students should now have another go at the task, but this time they will combine their ideas. 

I want you now to work together in your groups.  

Your task is to produce an answer together that is better than your individual ones. 

Throughout this activity, encourage students to articulate their reasoning, justify their choices mathematically, 
and question the choices put forward by others. 

As students work you have two tasks, to note student approaches to their work, and to support their thinking.  

Note student approaches to their work 
How do students choose to tackle this task? Notice the variety in approaches. Notice any common errors. You 
can use this information to focus your questioning in the whole-class discussion towards the end of the lesson.  

Support student thinking 
Try not to make suggestions that prompt students towards a particular answer. Instead, ask questions to help 
students clarify their thinking.  

You may find that some students interpret the letters as “quarters” and “dollars” rather than the number of 
quarters and number of dollars. For example, they may say things like: 

“3x = y means three times as many quarters as dollars.” 
“4x + y = 70 means 4 quarters plus dollars equals 70.”  
“There is $70 in the till.” 

The following questions and prompts may be helpful for both students struggling with the task and those making 
quick progress: 

What do the letters x and y represent? 

Replace x and y in this equation by words and now say what the equation means. 

Are there more dollar bills or more quarters in the cash register? How do you know?  

Do you have any values for x and y that work for the first equation? How can you check to see if they 
also work for the second one? If these don't fit, what other values for x and y can you use?  

Why have you chosen these values for x and y? 
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Cash Registers 
The drawer of a cash register contains some quarters and some dollar bills.  

x = the number of quarter coins in the cash register.  
y = the number of dollar bills in the cash register. 

The following two equations are true: 

3x = y 
4x + y = 70 

1. Explain in words the meaning of each equation. 

2. Find two pairs of values for x and y that satisfy the first equation. 

3. Find two pairs of values for x and y that satisfy the second equation. 

 

4.  Find pairs of values for x and y that satisfy both equations simultaneously. 
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Suppose there are 5 quarters in the drawers of the cash register, so x = 5. From the first equation, how 
many dollar bills are there? [15.] From the second equation, how many dollar bills are there? [50.] 
There cannot be both 15 and 50 dollar bills!  

Can you find a value for x that will give the same answer in both cases? 

How can you check that your answer is right? 

Can you use these equations to calculate the amount of money in the cash register? 

If the whole class is struggling on the same issue, you may want to write a couple of questions on the board and 
organize a brief whole-class discussion. You could also ask students who performed well in the assessment to 
help struggling students.  

Collaborative analysis of Sample Student Work (15 minutes) 
When all groups have made a reasonable attempt, ask them to put their work to one side. Give each group copies 
of the Sample Student Work. This task will give students the opportunity to discuss and evaluate possible 
approaches to the task, without providing a complete solution strategy.  

Ideally, all groups will review all four pieces of work. However, if you are running out of time, choose just two 
solutions for all groups to analyze, using what you have learned during the lesson about what students find most 
difficult.  

Encourage students to think more deeply using the following questions. (These are reproduced on the projector 
resource Assessing Sample Student Work.) 

You are the teacher and have to assess this work.  

Correct the work and write comments on the accuracy and organization of each response.  

• What do you like about the work?  

• What method did the student use? Is it clear? Is it accurate? Is it efficient? 

• What errors did the student make? 

• How might the work be improved? 

During this small-group work, support the students as before. Also, check to see which of the explanations 
students find more difficult to understand. Note similarities and differences between the sample approaches and 
those the students used in the group work. 

Plenary whole-class discussion: comparing different approaches (15 minutes) 
Hold a whole-class discussion to consider the different approaches used in the sample work. Focus the 
discussion on those parts of the task that the students found difficult. Ask representatives from each group to 
explain and critique one student's method from the Sample Student Work. During the discussion you may find it 
helpful to use the projector resources, which are slides showing the different sample solutions. 

Which approach did you like best? Why? 

Which approach did you find most difficult to understand? Why? 

Next lesson: Improve individual responses to Notebooks and Pens (10 minutes) 
Have students do this task at the beginning of the next lesson if you do not have time during the lesson itself. 
Some teachers like to set this task for homework.  

Return the students’ individual work on the assessment task Notebooks and Pens along with a second blank copy 
of the task sheet.  

Look at your original responses and think about what you have learned this lesson.  

Using what you have learned, try to improve your work.  
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If you have not written questions on individual pieces of work then write your list of questions on the board. 
Students are to select from this list only the questions appropriate to their own work.  

Solutions 

Assessment task: Notebooks and Pens
 

  
Dan 

 
Emma 

 

 
Dan is incorrect: Emma is incorrect: 
Dan has misinterpreted n to mean, “notebooks sold”
rather than “the number of notebooks sold.” 

So he has read the equation “4n = p” as “there are four 
notebooks sold for every single pen sold.” 

The equation actually means, “4 times the number of 
notebooks sold equals the number of pens sold,” or “the 
store sells four times more pens than notebooks.” 

 

Emma has also misinterpreted n to mean “notebooks”
rather than “the number of notebooks.” 

In the second statement, 5n does not mean, “there are 
5 notebooks.” It means “5 times the number of 
notebooks.” 

Since each notebook costs $5, 5n gives you the 
amount of money taken from selling notebooks, and 
since each pen costs $2, 2p gives you the amount of 
money taken from selling pens. So 5n + 2p = 39 
means that $39 was taken altogether from selling 
notebooks and pens at these prices. However, the 
equation does not, in isolation, tell you how many 
notebooks or pens were sold.  

Using the first equation to substitute 4n for p in the second equation gives n = 3 and p = 12.  

3 notebooks and 12 pens were sold. 

Cash Registers 
1.  The number of dollar bills is three times the number of quarters. 

Four times the number of quarters plus the number of dollar bills totals 70.

2. Possible values: (4, 12) or (8, 24). 

3. Possible values: (12, 22) or (7, 42). 

4. x = 10, y = 30 
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Comments on Sample Student Work 

 

Ava used “guess and check” with both equations  
Strengths: Her work is systematic and easy to follow. 

Weaknesses: Her method is inefficient and, although it is 
systematic, she has not reflected on each answer to 
determine the next set of values to check.  

Her lack of progress leads to her abandoning the task. 

Ava could add an explanation about her solution method. 

 

Ethan used an elimination method 
Strengths: This method can work if equations are 
manipulated carefully. 

Weaknesses: Ethan makes a mistake when rearranging the 
first equation. Consequently, when the two equations are 
added together, a variable is not eliminated, but instead 
Ethan has created an equation with two variables.  

Ethan briefly used guess and check. This gives many 
solutions. Ethan has simply opted to figure out two solutions. 
Both answers are incorrect. Ethan has not explained his 
working or why he was happy with the second set of values. 

If the first equation had been 3x + y = 0, what would still be 
wrong with Ethan’s method?  

Would this method ever obtain just one solution? 

 

Joe used a substitution method 
Strengths: This is an efficient method. 

Weaknesses: Joe failed to multiply all the terms on the left-
hand side of the equation by three, so he obtained an 
incorrect answer. 

If Joe had substituted 3x for y into the second equation the 
solution would have been very straightforward.  

 

Mia used a graphical approach 
Strengths: This method can work. 

Weaknesses: In this case a graphical approach is not a very 
efficient strategy.  

Mia has made an error in her second table: y = 66 not 56.  

Mia could have used the co-ordinates (20,−10) to help plot 
the second line. There are no labels on either axis. The scale 
of Mia’s graph means that the lines are not plotted 
accurately. 

Was Mia right to abandon (20, −10) as a point to be used to 
plot the second line? 
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Notebooks and Pens 
 

A store sells pens at $2 and notebooks at $5.  

n = number of notebooks sold. 

p = number of pens sold. 

The following equations are true:   

4n = p  

5n + 2p  = 39 

Here is what Dan and Emma think the equations mean: 

  

 

 

  
Dan 

 
Emma 

 

 
Are Dan and Emma correct?  

 

 

If you think Dan is wrong, explain the mistake and explain what you think the equation means. 

 

 

 

If you think Emma is wrong, explain the mistake and explain what you think the equation means.  

 

 

 

Figure out for yourself the number of pens and the number of notebooks sold in the store. 
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Cash Registers 
The drawer of a cash register contains some quarters and some dollar bills.  

x = the number of quarter coins in the cash register.  
y = the number of dollar bills in the cash register. 

The following two equations are true: 

3x = y 
4x + y = 70 

1. Explain in words the meaning of each equation. 

 

 

 

 

 

2. Find two pairs of values for x and y that satisfy the first equation. 

 

 

 

3. Find two pairs of values for x and y that satisfy the second equation. 

 

 

 

4.  Find pairs of values for x and y that satisfy both equations simultaneously. 
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Sample Student Work: Ava 

 

You are the teacher and have to assess this work.  

• What do you like about Ava’s work? 
• What method did she use? Is it clear? Is it accurate?  Is it efficient? 
• What errors did Ava make? 
• How might her work be improved? 
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Sample Student Work: Ethan 

 

You are the teacher and have to assess this work.  

• What do you like about Ethan’s work? 
• What method did he use? Is it clear? Is it accurate?  Is it efficient? 
• What errors did Ethan make? 
• How might his work be improved? 
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Sample Student Work: Joe 

 

You are the teacher and have to assess this work.  

• What do you like about Joe’s work? 
• What method did Joe use? Is it clear? Is it accurate?  Is it efficient? 
• What errors did Joe make? 
• How might the work be improved? 
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Sample Student Work: Mia 

 

You are the teacher and have to assess this work.    

• What do you like about Mia’s work? 
• What method did she use? Is it clear? Is it accurate?  Is it efficient? 
• What errors did Mia make? 
• How might her work be improved? 
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Assessing Sample Student Work 

You are the teacher and have to assess this work.  

Correct the work and write comments on the 
accuracy and organization of each response.  

•  What do you like about this student’s work? 

•  What method did the student use? 
 Is it clear? Is it accurate?  Is it efficient? 

•  What errors did the student make? 

•  How might the work be improved? 
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Sample Student Work: Ava 
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Sample Student Work: Ethan 
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Sample Student Work: Joe 

4 



© 2011 MARS University of Nottingham Beta Version Projector resources:  

Sample Student Work: Mia 
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Optimization Problems: Boomerangs 
Mathematical goals 
This lesson unit is intended to help you assess how well students are able to: 

• Interpret a situation and represent the constraints and variables mathematically.  
• Select appropriate mathematical methods to use. 
• Explore the effects of systematically varying the constraints.  
• Interpret and evaluate the data generated and identify the optimum case, checking it for confirmation.  
• Communicate their reasoning clearly. 

Common Core State Standards 
This lesson involves a range of mathematical practices from the standards, with emphasis on:  

1. Make sense of problems and persevere in solving them.  
2. Reason abstractly and quantitatively.  
3. Construct viable arguments and critique the reasoning of others.  
4. Model with mathematics.  
This lesson also asks students to select and apply mathematical content from across the grades, including the 
content standards:  

A-CED: Create equations that describe numbers or relationships. 
A-REI: Solve equations and inequalities in one variable.  
 Solve systems of equations.  

Introduction  
This lesson is designed to help students develop strategies for solving optimization problems. Such problems 
typically involve scenarios where limited resources must be used to greatest effect, as in, for example, the 
allocation of time and materials to maximize profit. 

• Before the lesson, students attempt the problem individually. You then review their work and 
formulate questions for students to answer in order to improve their solutions. 

• At the start of the lesson, students work alone answering your questions about the same problem. 
• Students are then grouped, and engage in a collaborative discussion of the same task.  
• In the same small groups, students are given sample solutions to comment on and evaluate. 
• In a whole-class discussion, students explain and compare the alternative solution strategies they have 

seen and used.  
• Finally, students revise their individual solutions, and comment on what they have learned. 

Materials required 
• Each individual student will need a calculator, and a copy of the assessment task Boomerangs. 
• Each small group of students will need copies of the Sample Responses to Discuss. 
• Graph paper should be kept in reserve, and used only when necessary or requested.  
• There are also some projector resources to help you with whole-class discussions. 

Time needed 
Approximately fifteen minutes before the lesson, a one-hour lesson, and ten minutes in the next lesson (or for 
homework). Timings given are only approximate. Exact timings will depend on the needs of the class.  
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Before the lesson 

Assessment task: Boomerangs (15 minutes) 
Have the students do this task in class or for homework, a day or more before the formative assessment lesson. 
This will give you an opportunity to assess the work, and to find out the kinds of difficulties students have with 
it. Then you will be able to target your help more effectively in the follow-up lesson. 

Give out the task Boomerangs. 

Introduce the task briefly, and help the class to understand the problem and its context. You could show 
examples of boomerangs.  

Boomerangs come from Australia, where they 
are used as weapons or for sport. 

When thrown, they travel in a roughly elliptical 
path and return to the thrower. 

Boomerangs are made in many different sizes.  

Read through the questions and try to answer 
them as carefully as you can. Show all your 
work so that I can understand your reasoning. 

As well as trying to solve the problem, I want 
you to see if you can present your work in an 
organized and clear manner.  

It is important that students are allowed to answer the questions without assistance, as far as possible.  

Students who sit together often produce similar answers, and then when they come to compare their work, they 
have little to discuss.  For this reason, we suggest that when students do the task individually, you ask them to 
move to different seats.   Then at the beginning of the formative assessment lesson, allow them to return to their 
usual seats.  Experience has shown that this produces more profitable discussions. 

Assessing students’ responses 
Collect students’ responses to the task.  Make some notes on what their work reveals about their current levels of 
understanding, and their different problem solving approaches. The purpose of doing this is to forewarn you of 
issues that will arise during the lesson itself, so that you may prepare carefully. 

We suggest that you do not score students’ work. The research shows that this will be counterproductive, as it 
will encourage students to compare their scores and will distract their attention from what they can do to 
improve their mathematics.  

Instead, help students to make further progress by summarizing their difficulties as a series of questions. Some 
suggestions for these are given on the next page. These have been drawn from common difficulties observed in 
trials of this lesson unit. 

We suggest that you write a list of your own questions, based on your own students’ work, using the ideas 
below.  You may choose to write questions on each student’s work. If you do not have time to do this, just select 
a few questions that will be of help to the majority of students.  These can be written on the board at the 
beginning of the lesson. If students have used graphs or simultaneous equations in their solutions, add the 
relevant questions to their work. You may also want to note students with a particular issue, so that you can ask 
them about their difficulties in the formative lesson.  
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Common issues: Suggested questions and prompts: 

Student has difficulty getting started  • What do you know? 
• What do you need to find out? 

Student makes an incorrect interpretation of the 
constraints and variables 
For example: The student has applied just one 
constraint, such as “Phil has only 24 hrs to make the 
boomerangs” or “Cath can only make 10 boomerangs.” 
Or: The student has calculated the profit for making 
just one type of boomerang.  

• What figures in the task are fixed? 
• What can you vary? 
• What is the greatest number of small/large 

boomerangs they can make? 
• Have you used any unnecessary restrictions on 

the number of small and large boomerangs to be 
made? 

• Why can’t they make 50 boomerangs? 
Student works unsystematically 
For example: The student shows three or four 
seemingly unconnected combinations, such as 5 small 
and 5 large boomerangs, then 10 large.  

• Can you organize the numbers of large and small 
boomerangs made in a systematic way? 

• What would be sensible values to try? Why? 
• How can you check that you remember all the 

constraints? 
• Do you cover all possible combinations?  If not, 

why not? 
• How do you know for sure your answer is the 

best option? 
• Can you organize your work in a table? 

Student presents work poorly 
For example: The student presents the work as a series 
of unexplained numbers and/or calculations, or as a 
table without headings. 
Or: The student circles numbers, and it is left to the 
reader to work out why this is the answer as opposed 
to any other combination. 

• Would someone unfamiliar with your type of 
solution easily understand your work?  

• Have you explained how you arrived at your 
answer? 

 

Student has technical difficulties when using graphs 
For example: Lines are plotted inaccurately, axes are 
not labeled or the purpose of the graph is not 
explained. 
Student has technical difficulties when using 
simultaneous equations 
For example: A mistake is made when solving two 
correct simultaneous equations, or the correct solutions 
are obtained but the profit is not calculated. 

• Would someone unfamiliar with your type of 
solution easily understand your work?  

• How can you check your answer? 
• How do your answers help you solve the 

problem? 
 

Student produces a correct solution 
Student needs an extension task. 
 

• Can you now use a different method?  For 
example, a table or graph, or algebra? 

• Is this method better than your original one? 
Why? 

• If the problem investigated how many 
boomerangs can be made in a month rather than 
24 hours, would any method(s) be preferable to 
others? 
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Suggested lesson outline 

Improve individual solutions to the assessment task (10 minutes) 
Return the assessment task papers to the students, and hand out calculators.  

If you have not added questions to individual pieces of work, then write your list of questions on the board 
(excluding the ones for graphs and simultaneous equations). Students are to select questions appropriate to their 
own work, and spend a few minutes answering them.  

Recall what we were looking at in a previous lesson.  What was the task? 
I have read your solutions, and I have some questions about your work. 
I would like you to work on your own to answer my questions for about ten minutes. 

Collaborative small-group work (10 minutes) 
Organize the class into small groups of two or three students, and give out a fresh piece of paper to each group.  
Ask students to try the task again, this time combining their ideas.  

Put your own work aside until later in the lesson.  I want you to work in groups now. 
Your task is to produce a solution that is better than your individual solutions. 

While students work in small groups you have two tasks, to note different student approaches to the task, and to 
support student problem solving.  

Note different student approaches to the task 
You can then use this information to focus a whole-class discussion towards the end of the lesson.  In particular, 
note any common mistakes. For example, are students consistently using all the constraints, or are they imposing 
unnecessary constraints?  Also note whether students are using algebra and, if so, how they are using it. 

Support student problem solving 
Try not to make suggestions that move students towards a particular approach to this task.  Instead, ask questions 
that help students to clarify their thinking.  You may discover that some students experience some difficulty in 
keeping more than one constraint at a time in mind. In that case, you may ask them to consider these three 
questions: 

If they were to make only small boomerangs, how much money would they make? 
If they were to make two small boomerangs, how many large ones could they also make? 
How much money would they make? 

For the first question, Cath’s time is the limiting constraint, whereas in the second question, Phil’s time is more 
significant. Students who organize their work into a table may choose to use column headings for “Time needed 
for Phil” and “Time needed for Cath,” which they can use to check that both constraints have been met.  

To help students really struggling with the task, use the questions on the previous page to support your own 
questioning. In particular, if students find it difficult to get started, these questions may be useful:  

Try some examples. What happens if they make three small and one large boomerang?  
What would be sensible values to try? Why? 
Can you organize the numbers of large and small boomerangs made in a systematic way? 

If the whole class is struggling on the same issue, write relevant questions on the board. You could also ask 
students who performed well on the assessment to help struggling students. If students are having difficulty 
making any progress at all, you could hand out two pieces of sample work to model problem solving methods.  
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Collaborative analysis of Sample Responses to Discuss (20 minutes) 
After students have had sufficient time to attempt the problem, give each group of students a copy of each of the 
four Sample Responses to Discuss, and ask for written comments. This task gives students the opportunity to 
evaluate a variety of possible approaches to the task, without providing a complete solution strategy.  

Imagine you are the teacher and have to assess this work. 
Correct the work, and write comments on the accuracy and organization of each response.  

Each of the sample responses poses specific questions for students to answer. In addition to these, you could ask 
students to evaluate and compare responses. To help them do more than check to see if the answer is correct, you 
may wish to use the projector resource Evaluating Sample Responses to Discuss: 

• What do you like about the work? 
• How has each student organized the work?  
• What mistakes have been made? 
• What isn't clear? 
• What questions would you like to ask this student? 
• In what ways might the work be improved?  

You may decide there is not enough time for each group to work through all four pieces of work.  In that case, be 
selective about what you hand out. For example, groups that have successfully completed the task using one 
method will benefit from looking at different approaches. Other groups that have struggled with a particular 
approach may benefit from seeing a student version of the same strategy. 

During the small-group work, support the students as before. Note similarities and differences between the 
sample approaches, and those approaches students took in the small-group work. Also check to see which 
methods students have difficulties in understanding. This information can help you focus the next activity, a 
whole-class discussion.   

Plenary whole-class discussion: comparing different approaches (10 minutes) 
Organize a whole-class discussion to consider the different approaches used in the sample work.  Focus the 
discussion on those parts of the small-group tasks that students found difficult.  Ask the students to compare the 
different solution methods. 

Which approach did you like best? Why? 
Which approach did you find most difficult to understand? 

To critique the different strategies use the questions on the slide Evaluating Sample Responses to Discuss and 
the worksheets Sample Responses to Discuss. 

Alex has realized that you have to take account 
of both constraints: Phil’s time for making the 
boomerangs and Cath’s time for decorating 
them. Alex has not examined different 
combinations of cases. 
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Danny has found an effective way to organize 
his work, using a table. He has made some 
mistakes in this table, however. Part of the 
problem is that he loses track of the two 
constraints. It might have been helpful for him to 
include two additional columns headed: “Time 
needed (≤ 24 hours)” and “Total number made 
(≤ 10).” Then he could test each case and put a 
check mark if it satisfies both constraints. 

 

Jeremiah has tried an algebraic approach and 
has hit upon the correct solution. However, he 
has used equalities rather than inequalities. He 
needs to calculate the total profit to complete the 
question. 

 

Tanya has used a graphical approach, but her 
graph of 2x + 3y = 24 is inaccurate and should be 
redrawn. This graph is powerful in that it shows 
the entire feasible solution space—the integer 
points on the grid. She has not explained why her 
method will give the greatest profit. 

 

Review individual solutions to the assessment task (10 minutes) 
Ask students to read through their original responses to the task.  

Read through your original solution and think about your work this lesson. 

Write down what you have learned during the lesson.  

Which method would you prefer to use if you were doing the task again? Why?  

Encourage students to compare the new approaches they met during the lesson with their original method.  

Some teachers set this task as homework. 
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Solutions 
If one assumes that ten boomerangs are made, then the following table of possibilities may be made.   

The constraint on carving hours is broken when more than four large boomerangs are made.  

 Number of 
small 

Number 
of large 

Total 
number 
(≤10) 

Carving 
hours  
(≤ 24) 

Profit 
made 

10 0 10 20 80 
9 1 10 21 82 
8 2 10 22 84 
7 3 10 23 86 
6 4 10 24 88 
5 5 10 25 90 

This approach, however, does not include the possibility of making fewer than ten boomerangs. A more 
complete approach would be to draw a graph showing all possibilities. 

The possible combinations to be checked are the integer points within the bold region on the graph.  
The maximum profit occurs, however, when six small and four large boomerangs are made.  
This profit is $88. 

(This can be seen graphically by drawing lines of constant profit on the graph, e.g.     

€ 

8x +10y = 80 . This idea may 
emerge in discussion.) 
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Boomerangs 
Phil and Cath make and sell boomerangs for a school event.               
The money they raise will go to charity. 

They plan to make them in two sizes: small and large.  

Phil will carve them from wood. 
The small boomerang takes 2 hours to carve and the large one takes 3 
hours to carve.             
Phil has a total of 24 hours available for carving. 

Cath will decorate them. 
She only has time to decorate 10 boomerangs of either size. 

The small boomerang will make $8 for charity. 
The large boomerang will make $10 for charity. 
They want to make as much money for charity as they can.   

How many small and large boomerangs should they make? 

How much money will they then make?  
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Sample Responses to Discuss: Alex 

 

What assumptions has Alex made?  
 

 
 

Are these assumptions correct?  Explain your answer. 
 

 
 

General comments:  
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Sample Responses to Discuss: Danny 

 

Why do you think Danny starts with 0 small and 8 large boomerangs and stops at 6 small and 3 large 
boomerangs? 
 

 
 

What piece of information has Danny forgotten to use? 
 

 
 

General comments:  
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Sample Responses to Discuss: Jeremiah 

 

Is it correct to use the equals sign in equations 1, 2 and 3?  Explain your answer? 
 

 
 

Why is Jeremiah’s solution incomplete? 
 

 
 

General comments:  
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Sample Responses to Discuss: Tanya 

 

What is the purpose of the graph? 
 

 
 

What is the point of figuring out the slope and intercept? 
 

 
 

General comments: 
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Evaluating Sample Responses to Discuss 

•  What do you like about the work? 
•  How has each student organized the work?  
•  What mistakes have been made? 
•  What isn't clear? 
•  What questions do you want to ask this 

student? 
•  In what ways might the work be improved? 
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Alex’s solution 
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Danny’s solution 
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Jeremiah’s solution 
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Tanya's solution  

5 


	Beads under the clouds.pdf
	This Formative Assessment Lesson was created around a task taken from Mathematics for Elementary Teachers (A Contemporary Approach).

	l04_percents_beta_complete.pdf
	Teacher Guide
	Introduction
	Solutions

	Student Materials
	Card Set B: Percent Increases and Decreases
	Card Set C: Decimal Multipliers
	Card Set D: Fraction Multipliers
	Percents, Decimals, and Fractions (1)


	l03_solving_lin_eqns_beta_complete.pdf
	Teacher Guide
	Introduction
	Suggested lesson outline

	Student Materials
	Cash Registers
	Sample Student Work: Ethan
	Sample Student Work: Joe
	Sample Student Work: Mia

	Projector Resources
	Assessing Sample Student Work
	Sample Student Work: Ethan
	Sample Student Work: Joe
	Sample Student Work: Mia


	l01_boomerangs_beta_complete.pdf
	Teacher Guide
	Introduction
	Suggested lesson outline
	Solutions

	Student Materials
	Boomerangs
	Sample Responses to Discuss: Alex
	Sample Responses to Discuss: Danny
	Sample Responses to Discuss: Jeremiah
	Sample Responses to Discuss: Tanya

	Projector Resources
	Evaluating Sample Responses to Discuss
	Alex’s solution
	Danny’s solution
	Jeremiah’s solution
	Tanya's solution





